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{v) there are many operational conveniences.
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Section 0 THE RATIONALE FOR A FIRST-ORDER PROOF CHECKER

The reader ready to plunge right into making FOIL proofs may skip to section |,

The idea of doing mathematical reasoning mechanically goes back to Leibniz, but it was not
until the end of the last century that Frege and Peano developed the first completely formal
systems adequate for expressing some kinds of reasoning. Much of the work of Whitehead and
Russell was an attempt at demonstrating that large parts of mathematics could actually be
expressed within such systems. After these inilial successes, however, the interest of logicians
changed from proving theorems within mathemnatical systems to proving neta-theorems about

such systems.

Even before Goedel's work, It was intuitively clear that checking proofs was different from
finding them. I ts an essential part of the idea of formal system that proofs can be checked
mechanically, whereas finding proofs mechanically was always regarded as a research problem.
This distinction was clarified by the work of Goedel, Tarski, Turing and Church which showed
that algerithms for finding proofs can work infallibly only in limited domains and that some
mathematical ideas cannot be completely characterized by axionatic systems.

The advent of computers and the beginning of the study of artificial intelligence gave rise to
attempts to explore experimentally what can be proved by machine. There has been steady
progress in this endeavour, but twenty years work leaves us a lang way from being able to prove

important mathematical theorems.

Knowing that mechanical theorem proving has a long way to go justifies a renewed interest in
the more straight-forward task of proof.checking by computer. Moreover, while it is not as
interesting to check proofs by computer as to make computers prove the theorems, proof-
checking has obvious potential applications. The most important of these is proving that
computer programs hieet their specifications since the reasoning involved is lengthy although
usually straightforward - or so our inteition tells us. Since a computer program is a
mathematical object whose properties are determined entirely by its symbolic form, it is a
mathematical disgrace to have to debug them case by case rather than proving them correct in
general, Since the programs are long, the proofs of correctness will be long. and since
programmers sometines think wishfully, 1t is obviously desirable that the proofs be checked by

computer,

It s also Interesting to see if we can check the proofs of interesting mathematical theorems even
though the problem Is of less practical urgency, since the human refereeing process works quite

well,

At first sight, computer proof checking seems almost trivial. We know that almost all practical
mathematical reasoning can be done in axiomatic set theory which in turn is expressed in first
order predicate calculus. Therefore, it would seem that all we need do is to make a proof checker
for predicate calculus, choose either the Zermelo-Fraenkel or the Goedel-Bernays-von Neumann
axioms for set theory and write and check our proofs. This is one of the things the FOL project
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is doing, but in order that its formal proofs should not be substantially Jonger than conventional
mathematical proofs, it is necessary to refermulate the usual logical systems. This can be
thought of as an effort to produce a formal systen in which the rules of inference, as well as
the expressive power of the language, is more closely correlated with actual mathematical
practice. The use of a computer allows for the introduction of complicated rules of inference
whose metamatheiatics is not simple. FOL provides for the following:

(1) its notion of a first-order language Includes function symbols, equality and other usual
mathematical notation, such as infix operators, n-tuple notation:

(2) the user can declare sorts and declare variables to range over given sorts, This greatly reduces
the length of axioms and theorems and corresponds to the fact that in an informal proof a
contex! is established, and the reader knows that a certain part of the proof is carried out within
the context; :

~ (8) the decision procedures for certain simple domains are built into the system. This allows
some proofs to be much shorter than usual mathematical proofs, because the computer can go
through some quite complex chains of reasoning by itseif. At present, propositional deduction
and a fragment of the theory of equality have been implemented. The Boolean algebra of sets
and elementary commutative algebra are planned;

{4) some facilities for introducing definitions have been implemented;

(5) a facility is provided for defining the interpretations of constants and predicate/function
symbols, and for computing within a model of the language. This means, for example, that
algebratc and LISP functions can be caleulated directly, rather than being syntheticaily derived;
(8) some primitive facilities are available For metamathematical reasoning;

(7) rules of inference for some interesting modal logics are provided,

The domains which are being explored by means of FOL proofs include:

(i) CLASSICAL MATHEMATICS. This is the single most striking success in our ability to
represent reasoning in terms of formal derivations. How close are these derivations to a
mathematician’s informai proef? Do they constitute a faithful representation of his reasoning?
How are the Inference rules of our logic related to the actual rules of evidence he uses when
convineing himself of some truth? The answers to these questions are impeortant In determining
whether we can make computer-checkable proofs that are not enormously fonger than the proofs
in mathematical journals. Experiment with the use of FOL in classical mathematics will help
answer them. Theoretical studies of the intensional properties of proofs such as those of Kreisel
(1971a.1971b) are also relevant. Moreover, it turns out that a large part of many mathematical
proofs in the Hterature are really at the metamathematical level, i.e, they are reasoning about the
reasoning In the axiomatic system. Thus it can happen that a simple theorem prover or proof-
checker 15 not even capable of expressing the theorems of mathematicians, let alone proving

themn

(it) MATHEMATICAL THEORY OF COMPUTATION. {(McCarthy 1963, Floyd 1967, Manna
1974)and others have shown how first-order theories can be used in proving properties of
programs. Making this into a tool for verifying programs befare they are widely distributed is
one of the major goals of the FOL project. This will require further research in formalizing the
properties of programs, the ability provided by the aftachment feature of FOL to establish
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decidable properties of parts of the program by direct calculation rather than step-by.step
inference, and a great deal of experiment aimed at making the proofs correspond to the
programmer's informal reasoning that his program does what it shouid

(1) REPRESENTATION THEORY. Common sense reasoning is being represented in FOL in
the style of (McCarthy and Hayes 1968}, As in proving pregrams correct, purely inferential
reasoning must be supplemented by assertions directly computed from the data base
representing the environmenti again the FOL attachinent feature is the key device used. Even
more experiment will be required hefore the formal proofs correspond to informal reasoning
than in the case of mathematics, beeause this area has not been well explored {perhaps only by
McCarthy, Hayes 1974, and Sandewall 1970). Particular problems are the axiownatization of time,
simultaneity, causality, knowledge, and the geometric reasoning involved in perception,
Metamathematics also comes in, particularly when it Is necessary to reason about knowledge and
belief. We hope that axiomatizing the metamathematics of FOL, ie. the structure and truth
conditions of FOL sentences together with a reflection principle, suitably restricted to avold
paradoxes, will enable us to express coniman seise reasoning about knowledge, belief, truth and

falsehood.

FOL is committed to a system of natural deduction. The use of the word ‘natural’ is best
explalned by Prawitz himself (Prawitz,1965):

'Sysiema of netural deduction, invented by Jaskowski and by Gentzen in
the early 19305, conslitute a form for the development of logie that is
natural in many respects. In the first place, there is a similarity between
natural dedwciion and intuitive, informal reasoning. The inference rules of
the systemy of nateral deduction correspond closely to procedures common
in intuitive reasoning, and whei informal proofs -- sueh as are encounleored
in mathematica for example -~ are formalized within these systoms, the
main structure of the informal proofs ean often he preserved. This in itself
gives the systemys of natural deduction an interest a3 an explication of the
informal concept of logical deduction.

Contzon's variant of natural deduction iz natural also in 6 decper sensa,
Hix inforenee rules show a noleworthy tystematization, which, among other
things, is elosely related 1o the interpreintion of the logical signs.
Furthermore, az will he thown in thia study, his rules allow the deduction 1o
proceed in a certain direct fashion, affording an interesting normal form
for deductions, The result that every natural deduction can be trantsformed
inte this normal form is equivalont 1o what is known az Hauptsatz or the
normal form theorem, a basic result in proof theory, which was established by
Gentzen for the caleuli of sequents. The proof of this result for sysiems of
natural deduciion is in many ways simpler and more illuminating.

In this manual, most of the metamathematieal notions discussed will ba referred 1o by words in the
Following font: o.g. SYNTYPE, INDVAR, WFF. These notions will play a greater role in laler versions of
FOL.
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Section 1 THE NOTION OF AN FOL LANGUAGE

In FOL the user specifies a first-order language by making a set of DECLARATIONs (see Section
4.3). The proof-checking system then generates a proof checker and a coliection of rules specific

to that system.

An FOL language is determined by specifying a way of building up expressions, usually called
well formed formulas or WFFs, from collections of primitive symbols. In FOL these classes of

symbols are called SYNTYPEs. They are:

1. logical constants:

a) sentential constants - SENTCONSTs: FALSE, TRUE
b) sentential connectives - SENTCONNs: -~Av2 8
¢} quantifiers - QUANT: V¥, 3

9. auxiliary symbols: - AUXSYM: "(" and ")
3, sets of variable symbols:

a) individual variables - INDVARSs.
b) individal parameters - INDPARSs,

4. a set of n-place predicate parameters - PREDPARs.

These symbols are used to form those sentences common to all FOL languages. Sometimes a
language L may also contain symbols which are intended to have interpretations which are

fixed relative to the domain of the interpretation. Examples are: "¢" in set theory, "a" in first
order togic with equality, "0" and "Suc” in arithmetic. Tiese are represented by

5, sets of constant symbols:

a) individual constants - INDCONSTS.
b) n-place operation symbols - OPCONSTS.
¢} n-place predicate constants - PREDCONSTS.

In addition one can
6. restrict the range of a variable symbol to some PREDCONST by declaring it to be a SORT.

7. designate a partial order to hold among some of those PREDCONSTs which have been declared
to be SORTs;

TERM, AWFFs (atomic well formed formulas), and WFFs (well formed formulas) are defined in the
usual way.
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. A formal description of these languages and of the notion of SORT is given in appendix L. The
entire extended syntax of FOL is described in appendix 2,

A flrst-order THEORY is defined by a (possibly empty) set of sentences of L, called AXIOMs. 1t is
the creation of such theories and the checking of valid deductions in thew that is the main

purpose of the computer program FOL.
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Ssction 2 THE NOTION OF AN FOL DEDUCTION

A derivation (the following description of which is taken alimost verbatim from Prawitz [1965)
begins by inferring a consequence from some ASSUMPTIONs or AXIOMs by means of one of the
RULESs listed below. We indicate this by writing the formulas assumed on a herizontal line and
the formula Inferred immediately below this line. On the computer this can be repeated using
previous consequences as new hypothesis. This generates a tree, which we call a DERWVATION.

Thus If we wish to derlve An(BAC) from (AsBJA(A=C) we write:

(AoB) A thaC) (A=B}a{Aa0)

At each step so far, the configuration is a DERIVATION of the undermost formula from the set of
formulas that appear as ASSUMPTIONs. The assumptions are the uppermast formula occeurrences,
and we say that the undermost formula depends on these ASSUMPTIONs, Thus, the example above
is a deduction of BAC from the set of assumptions [{A=B)A{A=>C)A}L and in this deduction, BAG
is said to depend on the top occurrences of these formmuias.

As the result of some inferences, however, the formula inferred becomes independent of sowme or
all assumptions, and we then say that we discharge the assumptions in question. There are four

ways to discharge assumptions, namely:

(1) Given a deduction of B from {AJT', we may infer AoB and discharge the assumptions
of the forin A}

(2) Given a deduction of FALSE from {~AWI, we may infer A and discharge the
assumptions of the form -Aj

(3) Given three deductions, one of C from AT, ene of C from {BT, and one of AVB,
we may infer C and discharge the assumptions of the form A and B that ocecur in the
first and second deductions respectively, ie. below the end-formulas of the three
deductions, we may write C and then obtain a new deduction of C independent of the

mentioned assmptions

(4) Given a deduction of B from {A{x#a]}uf‘ and a deduction of 3x.A, we may infer B and
discharge assumptions of the form A[x«a}, provided that a does not occur in 3IX.A, in
B, or in any assumption - other than those of the form A{x+=a) - on which B depends

in the given deduction.

To continue the deduction above, we nay write An(BAC) below BAG and cbtain a deduction of
A=(BAC) from {{A=BAMA2C)}
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Section 3 THE RULES OF INFERENCE

The inference rules consist of an introduction (I} and an elimination (E) rule for each logical
constant. The letters within parentheses indicate that the inference rule discharges assumptions

as explained above,

Al) i 8 AE) RAB ArB
AnB n B
Ry @)
vD) f ) vE} five c ¢
Av8 AvB C
[£:H]
s} B oE} fl A>B
Ash B
vD) A ¥ ¥x.A .
¥y, Alaexl Atxe1)
{A(xsa))
an Atus1) JE) .0 B
A B
L(:H {-R)
-] FALSE =E) FALSE
-8 A
FI} =t A FE} fFALSE
FRLSE A
s} fo8  BoA aE} A2k Azp
H:] AR 8oR

Reastriction on the Yi-rule: a must not occur in any assumption on which A depends.

Restriction on the JE-Rule: a must not occur in 3x.A, in B, or in any assumption on which the
upper eccurrence of B depends other than Alxea)
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Section 3.1 An FOL deduction using the computer

We show here the computer interaction necessary to check the derivation given in Section 2.

In this and all succeeding sections examples of interactions with the computer witl appear in small
type. Those lines which are typed by the user will be preceeded by five stars "sswes". The other lines

are those typed by the computer.
To derive Ao(BAC) from (A>B)A(A>C), we proceed as follows.

+45+3DECLARE SENTCOUST A,8,(,
#2220 3ASSUNE (RoB)a(RD0))

1 (RaBYatACY (D)

ssagsal 1 1

2 @By D)

+3992R3SUHE Ay

3If (3
sgazinl 2,3;
4 8 3B

= agaaral 1,2

5 (0 (D

vaavaf 3,55

6 € (13

waguanl 4abg

7 B U

searsn] 357y

8 As(8AC) (D)
Each UNE typed by the computer contains: 1) a LINENUM, which labels that LINEt 2) the WFF
representing the result of applying the RULE typed by the user on the line abovel 3) a list of
munbers representing those LINEs of the proof on which the WFF depends. Cansider the LINE
begining with 7 in the above example. 7 is its LINENUM, BAG is the WFF on this LINE, and the
derivation of BAC on this LINE depends on the assumptions on LINEs 1 and 3. This LINE was

generated by the user specifying as a RULE Af (AND introduction) using tines 4 and 5. This
information is typed by the user and in the example appears directly above LINE 7 of the proof,



FOL Manual Page 9

There are two other things to notice about this example. The first thing typed by the user was
a declaration stating that AB and C are SENTCONSTs. Making declarations is essential. Failure
to declare an identifier is the most common reason for a syntax error. Second is that when =i
is applied to LINEs 3 and 7, LINE 3 has been removed from the Hst of dependencies of the new LINE.
This corresponds to the description of this rule given en each of the previous two pages. The
exact format of the commands a user must type to the computer is explained in section 4,
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Section 3.2 Implementation - user oriented features of FOL

There are several differences between the machine hmplemention of FOL and the description
glven above and In Appendix 1. These differences are usually for the purpose of making life
easier for the user. The description in the Appendix presents a clean version of the logic so that
the metamathematics can be discussed in a straight-forward way. The major differences are
described briefly below; more detailed descriptions occur in the appropriate sections of the

seqquel,

Sectton 3.2 Individual symbols

In Prawitz's logic, individual variables (NOVARs) may only appear bound, and individual
parameters only free. In FOL, this restriction is relaxed, and INDVARs way appear free as well as
bound in well-fFormed formulas. INDPARs, however, must always appear free. Additionally,
natural numbers are automatically declared to be INDCONSTs of SORT NATNUM,

Section 3.22  Prefix and Infix notation

FOL allows a user to specify that hinary predicate and operation symbels are to be used as
infixes. The declaration of a unary application symbol to be prefix makes the parentheses
around Its argument optional. The number of arguments of an application term Is called its
ARITY, Section 4.1 describes how to make such declarations.

Section 3.23 Extended notion of TERMs

in addition to ordinary application terims, FOL accepts TERMs representing finite sefs,
comprehension terms, n-tuples and LISP s-expressions. A detailed description of the syntax of
these terins is to be found in Appendix 2.

Section 3.24 The Equality of WFFs

The description of subsitution given in Section 4.35 is consistent with FOL's nation of
equivalence of WFFs. The proof-chccker always considers two WFFs (o be equal if they can both
be changed into the same WFF by making allowable changes of bound variables. Thus, for
example, the TAUT rule will accept Vx.P(x)>Vy.P(y) as a tautology.

Section 3.25 VLsand subparts of WFFs and TERMss
¥OL as hnplemented offers very powerful and convenient technigques for referring to objects in

a proof: essentially, any well-formed expression has a name, and can be manipulated as a single
entity. A VL is a name of a part of a derivation. There are several kinds of VLst for example, a
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jabel represents a lne-munber, the WFF on that line, and a list of the dependencies of that line in
the derivation,

The syntax of VLs is very extensive and a review of it will be left to Appendix 2.

Section 3.26  Axioms and Assumptions

FOL allows the specification of certain WFFs as AXIOMs. The difference between these and
ASSUMPTIONs is that the former are not mentioned explicitly as dependencies of any lines of the
deflvation. Thus every proof checked by FOL tacitly depends oh a set of AXIOMs.

Section 3.27 FOL derivations

As opposed to a tree, a deduction in FOL consists of a collection of AXIOMs aud a linear sequence
of lines, each line representing either an ASSUMPTION or a DEDUCTION from the previous lines

(and axioms).

Section 3.28 SQRTs

The addition of SORTs, and specification of a partial order over them, constitutes a major
extension of FOL from a computational point of view. Their meaning and use is discussed in

the sections on declarations and the quantifier rules,
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Section 4 USING THE PROOF CHECKER

FOL is invoked at the Stanford A.l Lab by typing R FOL to the monitor. A backup File is
automatically opened onto which input is saved; the name of this file may be altered by means
of the BACKUP command {vide infra). To save ak entire core image type the command ‘EXITY
and SAVE <filename>) to restart type RU <filename> and you will be where you left off.

The commands fall naturally into several classes:

I. Commands for defining the first-order language under consideration: that is to say,
commands for makiang declarations;

2, Commands for defining axioms

3. Commands for making assumptions and applying the rules of inference to generate
itew steps in a derivation;

4. Administrative commmands, which do not alter the state of the derivations, but enable
various book-keeping functions to be carried out.

In this manual the syntax af FOL will be described using a madified form of the MLISP2 notion of pattern.
These form the hasie constructs of the FOL parser.

1. ldentifiers which appear in paiterns are to he taken literally,
2, Patierns [or syntatic types are surrounded by angle brackets. Thus <wlf> is a WFF,
3. Patterns for repetitions are designated by:
RIPn{ <pattern> }  means n or more repeated PATTERNs,
1f a RIPR has two arguments then the second argument is a paticrn that acts as a separator. So
that REPE[ <wfD,, ] means anc ar more WFIFs seperated by commas,
4. Alternatives appear as ALTL PATTERND | o [ CPATTERNR ]
ALT[ ¢wif> | <term> ] means cither a WFF or 2 TERM.
5. Optional things appear as OFT[ ¢patiernd
RIEP2[<wlf3,0PT(,]] means a sequence of two or more WFFs optionally separated by commas.
These eonventions are camhined with the comparatively standard Backus Normal Form deseription.
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Section 4.1 System S pecification

The first step in specifying a first-order theory is the description of the language which is to be
used. This is done by defining the symbals of the language, using the declaration commands.
These commands specify which symbols age to be variables, constants and predicate or function

symbols,

Section 411 Declarations

As we mentioned above, ane of the first things that a user of FOL must do is to define the FOL
language to be considered.  Every identifier in a proof must be declared to have a SYNTYPE.
Only nine of these types can be declared by the user. They are:

1. SYNTYPEIL

a) INDVAR  {individual variables)
b} INDPAR  (individual parameters)
¢} INDCONST {individual constants)
d) SENTPAR (sentential parameters)
e) SENTCONST (sentential constants)

2, SYNTYPEZ

a) PREDPAR  (predicate parameters with one or more arguments)
b) PREDCONST (predicate constanis)

¢) OPPAR  (operation parameters or function parameters)

d) OPCONST  (operation constants or function constants)

Declarations are fixed within a proof and once made they cannot be changed.
OECLARE  ALTI REPI (<simpidec> OPT{,}) | REPl (<appldec> OPT(, 1) 1

There are two kinds of SYNTYPLs, those of symbols which take arguments, SYNTYPE2s, and those
which do not, SYNTYPELs.

<syntypal> t= ALTI <indsym> | «<santsyms }

<syniype?> ts ALTL <predsym» | <opsym> )
The ldea of SORTs is to allow a user of FOL to restrict the ranges of function to some
predetermined set. This correspond ta the usual practice of mathematicians of saying let f be a
function whicl maps integers into integers. In FOL a SORT is just a PREDCONST of ARITY I, l.e.
a property of individuals. The effect of this informal restriction to integers is achieved in FOL

by

#3as2DECLARE PREDCONST [MTEGER 1,
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followed by
s2539DECLARE OPCONST + (INTEGER, INTEGER) = INTEGER,

A PSEUDOSORT is an identifier which has not yet been declared but Is assimed to be a PREDCONST
of ARITY | aud is declared such beeause of the context in which it appears. If INTEGER had
not been separately declared above, tn Its appearance in the second command it would have been
considered to be a PSEUDOSORT and declared accordingly. There is ene special PSEUDOSORT, i.e.
the PREDCONST UNIVERSAL., This represents the most general SORT and is the default option

whenever SORT specifications are optional. In declarations it can also be abbreviated by "+
The MOSTGENERAL command explained in the next section, can be used to change the name
of the MOSTGENERAL SORT,

«psaudosori> 1e RLTI <idontiflar> | &)
Simple declarations

<gimpidec> ta  <syntypal> <idliist> OPT( ¢ <psaudosori» )

Examples of simple declarations:

#5224DECLARE JNOVAR x y 23

#3330oDECLARE INDVAR a b ¢ ¢ Set, A B C ¢ Class)

Application declarations

<appldse> ta  csyntyped> <idlizl> <argdac> OPTL [ <bpdec> ] }
cargdac> ta QLTI <argsoeri> | <nalnum> )
<argsort> ta ALTL 1 <sortrep> RLT(a|+) cpsaudosori> |

{ <sortrap> ) BLT(a|a) <psaudosori>
<sorirap> te REP1{ <psaudosoris , OPTIALT(e|,}) ]
<bpdac> 1= ALTL <rbp> | «rbp> <lbp> | <lbp> <rbp> | INF | PRE }
«rbps> 1a R & <patoums
<lbp> 1a L = <hatnuns

Examples of application declarations:
as0rsDECLARE OPCONST EXP(Int,Intiaint {L+853 R38R |

The meaning of this declaraion is that EXP is an OPCONST, it has two arguments (ARITY 2}, both
of which are of SORT Int. It also has a value of SORT Int, and is to be used as in infix operator
with a right binding power of 800 and a left binding power of 850. This could also be declared

by

a38550ECLARE OPCONST EXPiIntalntsInt EL859 R«380) ;
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Stmpler declarations can be wmade if you don't wish to specify so much information,
s#9530ECLARE DPEONST EXP1Intelntalnt (INF)
declares EXP the same as above but uses the default inflx bindings Re500, L«550.

#305eDECLARE OPCONST EXP(Int, Intlalniy

simply makes EXP an ordinary applicative function, so you must type EXP(a.b} rather than (a
EXP b),  Further simplifiction can be made if less sort information is wanted

#392DECLARE OPCONST EXPtInt, Int)}
makes the value of EXP have the SORT UN!‘VERSAL {the MOSTGENERAL SORT), and
2285¢DECLRARE OPCONST £XP 2,
just says it has ARITY 2, Of course

rauesDECLARE OPCONST EXP 2 {INF}

#5424DECLARE OPCONST EXP 2 IL+850 R-800}

have the obvious meaning. This section has illustrated most of common ways of making
declarations, There are some other examples scattered throughout this manual.

Section 4.12 SORT manipulation

There are several commmands which affect the SORT structure:

Section 4.121 NOSORT declaration

NOSORT

The NOSORT command turns off SORT checking. If any SORTs have already been declared, an
error message will be given.

Section 4.122 MOSTGENERAL, NUMSORT, SETSORT, SEXPRSORT

MOSTGENERAL <sort>
NUMSGRT <sort>
SETSORT <sart>
SEXPRSORT <gort> |
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In FOL certain TERMs come with predeclared SORTs; numerals become INDCONSTs of SORT
NATMUM, comprehension ferns, sel terms and n-tuple terins have SORT SET, quote-terms have
SORT SEXPR, and the default MOSTGENERAL SORT is the PREOCONST UNIVERSAL. The effect of
the above commands s to replace these default SORTs with those specified by the user. For
example, In the case of Goedel-Bernays-von Neumann set theory, the MOSTGENERAL SORT is called

CLASS,

Section 4.123 MOREGENERAL declaration

MOREGENERAL <sort> 2 | <sort_list» }

For example,

22 sHOREGENERAL chassplace 2 Iluhitlepiace,blackplocet)

is equivalent to the axioms

vx. (whilepiece(x) o chesspiece(x))
vx. (blackpiece(x) = chesspiece(x))

where chesspiece, whitepiece and blackpiece are understood to have been previously declared
PREDCONSTs. Although these axioms do not appear explicitly, the quantifier rules behave as if
they did (this is explained in detail in section 4.327). This establishes a partial order among the
SORTs. Another typical example would be the declaration of classes to be MOREGENERAL than sets.

Section 4.124 EXTENSION declarations

EXTENSION <predconst> <ext_set>

<axi_sal> 1= <prImaxi> REPO{ ALTIUINE/] <primext> }
<primaxis le ALTL <zort> | | <indconstlist> | ]

where each of the SORTs in the ¢primext> already has an EXTENSION defined. For example,
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492¢0ECLARE INGCONST BK ¢ BKINGS, HK ¢ HKINGS;
#¥233DECLARE PREDCONST KIHGS 1)

229 EATENSTON BKINGS (8K}

Extansion of BKINGS 13 (BK)

B XTENSTON HETHGS (UKD

Extansion of HKINGS {5 (HR)

peeavfE XTENSTON KINGS UKTNGS U BKINGS)

Exlansien of KINGS is (HE 8K)

The initial declaration declares BK to be of SORT BKING, and WK to be of SORT WKING. The
command 'EXTENSION BKINGS {BK}' says that BK is the only object which satisfies the
predicate BKINGS; similarly, the command ‘EXTENSION KINGS BKINGS U WKINGS' says
that the only objects which satisfy the predicate KINGS are those in the union of the extensions
of BKINGS and WKINGS, i.e. BK and WEK. This is equivalent to the introduction of the axioms:

¥x. (BICINGS(x)} = {x=BK))

¥x. (WEKINGS(x) = (xaWK))

¥x. (KINGS(x) # ((x2BK v xaWK) A ~(BK=WK))

By ltself, this coninand has no effect, but the semantic simplification mechanisin (see Section
4.4) uses these axioms.

Section 4.3 Predeclared Systems

THEORY <sysname»

The THEORY command may be used to call up several pre-declared systems. If no THEORY
comnmand is given, the basic FOL system is generated, i.c. the full natural deduction system for
classical logic with the extended inference rules. The options which are available are

<sysnama> 1= ALT [ PRAWITZ | 2F | GBN | §4 | S5 | KBK | KB@ )

where PRAWITZ is the system described by (Prawitz 1965), i.e. without SORTs or any of the

extended inference rules such as TAUT) ZF is Zermelo-Fraenkel set theory (as defined in

Appendix 3); GBN is Goedel-Bernays-von Neumann set theory (as defined in Appendix 4% S4 and

85 are Lewis's classical systems of possibility and necessity (as defined in Appendix 5} and KBK
and KBB are Hintikka's systems for Knowledge and Belief respectively (see Appendix 5).
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Section 4.2 Axioms

Axioms are only briefly mentioned in the description of FOL. 1n the machine implemented
version they play the same role as assumptions, but they do not appear in the dependency list of
any step of a deduction, nor are they printed when you show the proof. Thus derivations are
always relative to an unmentioned theory. When a theorem creating mechanism is available this
will change. The syntax for defining an axiom is:

AXIOM <awiom>

where

<axloms> 1= REPL1 caxnam> 1 caxlist> 3}
<axtists 1a ALTL aditist> | REPI{caxioms) }

This allows for a block structured way of naming sets of axioms, so they can be referred to
either by some particular name, or as part of a group. Each WFF in WFFLIST is given a name by
FOL. This name Is generated by taking the AXNAM and concatenating an integer to it. For
example if the AXNAM is GROUP then they will be given the names GROUPL GROUP2,.. .
These can then be used to refer to each axiom, An AXNAM is like a LINENUM and may be used in
any context that requires a LINENUM. If WFFLIST only contains one WFF that axiom is called

AXNAM.

NOTE: The ayntax calls for multiple semicolonsl

Examples:
seeaefXOR f1 B WX, ~XeX,
Yo K YAV )
G YL Hcly

This creates twe axioms A and C. Axiom A contains twe subaxioms DBI=VX.-X<¢X and
B2=VY.~(X€YAYeX), I you prefer to think of collections of axioms as theorics, then the syntax
allows arbitrary nesting of theories, cach followed by a semicolon. At the moment no checking
is done for the consistency of axiom names. You lose if you create conflicting ones. Axioms
cannot be got rid of, so be careful. Numbers are not legitimate AXNAMs.



FOL Manual Page 19

Using axioms as axiom schemas.

There are no special rules for axiom schemas, merely an extension of the use of the rules already
given. Namely, an axiom schema is simply an axiom with a predicate parameter (PREDPAR) tn it

An axiom can be used anywhere a step can by wusing an AXREF. This is of the form
AXNAMIPP | XX | ,...PP XX ] and its syntax is described in the section on Vis. An AXREF can

appear anywhere a VL can. In the form AXNAM{PP XX |,.PP-XX,] the PP, arc predicate
parameters (PREDPARs) appearing in the axiom, and the XX; are propositional functions assigned
to these parameters. The assignments are done successively rather than simultaneousiy.

LRI}

An XX, is a WFF preceded by A, any number of INDVARs and a "." (period). Thus e.g. X x y 2.4wff>.
The ARITY, p, of the PREDPAR must be less than or equal te the number of variables following the
X\. The indicated x-conversion on the first p variables is done automatically. The error message
“NOT ENOUGH LAMBDA VARIABLES" means p is too large. The remaining variables are
treated as parameters of the entire axtom, and the instance of the axiom returned is the
universal closure of the axiom with respect to these parameters.

The 9 (SUBPART) mechanism (see Appendix 2) can be used to take pieces out of the resuiting
formula in the usual way.

Example of using axiom schemas:

a¢+evsDECLARE PREDPAR F 1y

2o INDVAR X

34 42AXI0H [HDUCTIGH: F (BYAYX. {F (XD oF (X4 12oWAF (XD

INDUCTIOM1 F (8)a¥X. (F (XD oF (XalboVX. F OO

e+33¢0ECLARE INDVAR a by

soasaal INDUCTIONEF«2b a,atbabealg

1 Va, (as®) e {0sadka¥d, (laeXdn {Xead o (ae D0+ 1) Fa (0K 10 2a) ) 0WX, (83X = (X0 a))
poesaal IHDUCTIONIF=2b. ¥a. asbebealy

2 Ya, (a+0) o {Qea) aAYX, (Ya. {a+ ) u tX4a) dVa. (a4 (X+1) ) a {{Xa 1) 4a) )0VX a. (a4X) = (Xsa)
paassal [HOUCTION[Feab X, Xsbab+X)y

3 XL a8 a (DX AVEL, (OGN D) adX 140 o CGHE T+ D) Yo LOXT 4 D) 4 X) JoWX2 (X4X2) = {X24%) )
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Section 4.3 The generation of new deduction steps |

Note: when the warinbles AB and G ara mentioned in this section, they refor 1o the description of the
basic Prawitz logie.in section 3,

Section 4.31  Assumptions

ASSUME  <ufflist>

The ASSUME command makes an assumption on a new line of the deduction for each WFF in
WFFLIST. Mote that the dependencies of a line appear in parentheses at the end of a line, and
that assumptions depend upon themselives

Examplast

2922 4ASSUHE ¥x. xexg

1 Yaxex (D)

2252 aASSURE Yy, ycy, =Yy.yoy;
2 Yyoyey Q)

3 SVyoyey  (3)

Section 4.22  Introduction and Elimination rules

The general form of a RULENAME is

<rulenama> 1a <logeenst> ALTE | | £}

where 1 stands for introduction and £ for elimination. The format of a command is:

<rula_o! Intferances t= <rutaname> <iinanuninfe>

The LINENUMINFQ is different for each rule. This {s explained below., We will use 4 to stand fos
an arbitrary VL (see scction 3.25). In the description of some of the rules it is necessary to
distinguish among several Vis, In this case we write al#2,... . We will write

Al 8a8

rather than

Al evlz A <vi>
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Alternative alphabetic RULENAMEs will be given in parentheses after the standard ones. These
usually correspond to other frequently used names for these rules. Thus MP (modus ponens) or
UG (universal generalization) can be used, instead of >1 or VI.

All commas in these rules are optional. This will not be mentioned explicitly in the following
sections. Thus a “" appearing in a rule specification it is to be thought of as OPT(,},
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Section 4.321 AND () rules

Introduction rule

~l (AL (ap8) a8 ;

The LINENUMINFO for Al is any parenthesized conjunctive expression in which all conjuncts are
Vis. If 1o parcntheses appear (even in a subexpression} association is to the right, thus

BAa(eAsAl)AE means Ba((an{aam)}as) AND is always a binary connective. The "&" and " are
alternatives to the "A" symbol. Tie dependencies of a line are those LINENUMs mentioned.

Elimination rule

AE(AE) &  OPTL ALTL,1:3 F ALT1IZ2) <subpari> 1

1 picks out the Ffirst conjunct, 2 picks out the second conjunct and SUBPART picks the
appropriate subpart. For the definition of SUBPART see Appendix 2. The dependencies of the
result are the same as those of # The first command in the example could have also been
written "AE 4 " or "AE 4:I" or "AE 4:nl}",

seeasal 4,1y

5 (¥x.Class(x}a¥a, ~(achiT))

sxy3sAE 404102,

§ Ya.~{aciT)

sraniff 41 41414L

The maln sysbol of ¥Yu.Clasa(x) is net an A
sxagaal 41435

In the csubpari> 143 , 3 i3 Yoo large
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Section 4.322 OR(v) rules
Introduction ule

v] (01) {aveaf frvensff>) :

Page 23

OR's may be parenthesized just like AND's, but at Jeast one disjunct miust be a VL. Any Vis
given will cause the dependencies of that Jine to be included in those of the conclusinn. As with

AND, association is to the right and OR is binary.

Eliminalion rule

VE(OE) & , el , 82

# 15 the VL on which a disjunction AvB appears #l and €2 are both VLs such that #l: and 42: are
both equal to the WFF C. The conclusion of this rule is the WFF C. The dependencies of the
conclusion are thase of # along with those of 4l which are not cqual to A and these of #2 not
equal to B. Remember two WFFs are equal if they differ only by a change of bound variable. In
the example two dif ferent commands are given. Note how the dependencics are treated in each

€ase.

¢+ rASSUNE Y11v3yy

3 ¥x.xexvn¥y. gy

(9)

t4e3301 1v31101 21vdy

10 Vo, xexvaVy.oyoy

phad
11 Yy.yoyv-Yy.ycy

sropevE 9,10, 11
12 VYauxexvYy.ycy
seaenvE 8,110,110
13 Y. =moxvaYy.ycy
seeavE 9,10, 10

14 YaoxexvaYyyoy

(1)

3

)]

)

{319
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Section 4.323 IMPLIES (o) rules

introduction rule

-1 {DED) ALTL #oa | cuffoor ]

The difference beiween #o4 and <wvfb>o# §s that in the former case dependencies of the
conclusion which are equal to the hypothesis are deleted. A comma is an alternative to the =)
symbol. In other styles of presenting first order logic this rufe is called the deduction theorem.

seeueol Ioly

15 ¥xoxexo¥x, xux

+19420E0 liody

i6 Wooxexs¥aoxex (1)

sewoe 2l 2,1

17 Yy.ygoya¥eorix

Elimination rule

SE(MMP) & , :

The order in which the arguments are specified is drrelevant. This is the classical rule modus
ponens. The dependencices of the conclusion are the union of the dependencies nf both Vis.

sivesnf 1,17

18 W, wix (1)
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Section 4.324 FALSE (FALSE) vules
Introduction rule

F1 a1 , 82

1f #1 is of the form A, then #2 must be of the form -A for the other way around). The
conclusion is just the WFF "FALSE". Its dependencies are the union of those of bl and 2.

aeeeeb ] 1,3

19 FALSE {13

EHmination ruie

FE & , ALTE sl | <uff> ]

@ must be of the WFF "FALSE". A ncw line Is created with cither #1: or the WEF specified by the
alternative. This rule says that anything follows from a contradiction. The dependencies {there

had better be some) are just those of &,

tyeseFE 19 68l larxdy

20 -~ {xcHT) 3
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Section 4.325 NOT (=) rules

Introduction_rule

-1 {N1) ] , ALTL ol | o<«uffs ] :

# nrust be the WFF "FALSE". The conciusion of the rule is the negation of #1: or the WFF. The
dependencies of the conctusion are those of # minus the ones equal (o #1: or WFF.

+eetwal 19,3
21 -<¥y.yey b
1eeesDED Io21y

22 ¥x.xexo--Vyogey

Elimnination_rule

-E INE} # \ ALTL 8] 1 <uff> ] f

# ust be the WFF "FALSE". #f or WFF must have the form ~A. The conclusion is A, The
dependencies are those of 8, minus any cqual to ~A. 1 this rule is emitted (or simply not used)
and only the introduction and elimination rules are uscd the proof is intuitionisticly valid.

3+ HASSUNE -31;
23 ~-Yyoyey o (23)
wreedfl 23,3

24 FALSE {3 23
sreee-E 24,3,

5 Yyouy 023
vreesDED 23225,

26 =~Yy.ycyaVy.yey
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Section 4.326  EQUIMALENCE (=) rules
Introduction_iyle

a] (E}) al o, WZ

Either #] is of the form A=B and #2 is of the forin B2A or vice versa. The conclucvion is AzDR.
The dependencies are the union of the dependencies of #] and %2,

eitevz] 26,22
27 waMyoycyzWyogey

Elimination rule

=E (EE) ¢, ALTO ALTI=41) | ALT(<l2) 1

If o is of the form A=B then the first alternative produces AsB, the second B2A. The
dependencies are those of 4.

tizbE 27 ¢

28 Yy.yoyz--Yy.yey
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Section 4.327 QUANTIFICATION rules

This 15 an example of a proof using all the quantification rufes.

st +2¢DECLARE THOVAR x yy DECLARE INOPAR a by DECLARE PREDPAR P 2,
T SSURE  Vx 3y PO yd aWu g (P O, y) 0P Ly, %) )

P ¥y POy alx gy, (P LGyl oP iy, ) (D)

seoetnl 1 by

2 ¥x. 3y, POy (1)

sessank 1 2y

3 ¥x oy, Pix,yaP iy, (D

veoeaYE 2 Ay

& Iy.Pla,gr (D

sevesVE 3 a by

5 Pia,bioPib,a) (1)

ya9093E 5,6,

7 Ptb,a} (] 6)

teseaal B 7y

8 Pla,b)+Plb,8) {} 6)
vevesdi 8 ey

9 1y, (Pla,yiaPly,a)) ()
seea¥l 9 aex;

10 ¥x. 3y, (PIx,ydaP iy} (1)
sesvenl 1sll;

POV Iy Péx,yd eV y. (P, yd oP ly, 0 1oV 3y, (P Ux ydaP Ly, x1)
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Section 4.3271 UNIWERSAL QUANTIFICATION (¥) rules

Introduction rule

V] (UG) @ , REPLI OPTIALT{<indvarsl<indpar>] « ] <indvar> , OPT(,]11

Several simultaneous universal genalizations on 4 can be carried out with this command.  For
each element of the list (either X or a+X) a new universal quantifier (Vx} is put at the front of =
(with x for all free occurrences of a in the second case) and a new line of (he derivation is

created.

Remombor there is a restriction on the application of this rule, nanoly the newly quantified varioble
miest not appear froo i any of the dependencion of s,

In the example ¥1 occurs on Hne 9. There is nothing free in the WFF on line 1 (line 95 only
dependency) so the generalization is legal. Motice that the "a" was changed 10 an "x". "a" cannot

be generalized, as it is an INDPAR,

Elimination rule

VEIUS) o |, <termlist>

Universal specification uses the terms in the ctermlist> (o instantiate the universal quantifiers in
the order in which they appear. 1If a particular term is not free for the variable 1o be
instantiated a bound variable change is made and then the substitution is made. The variable
created is declared to be an INDVAR of the correct SORT.

Line 4 and 5 of the example were created by this rule,
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Section 4.3272 EXISTENTIAL QUANTIFICATION (3) rules

Intreduction rule

AL(EG) ® , REPLIOPT[<term> «) <indvar> OPTi<occlist:],0PTL, 1]

The list following # tels which TERMs are to be generalized. If the aptional derm> is present, i
is first replaced by <indvar> at each oceurrence mentioned in the <occlist>. The WFF on # is then
generalized and the next thing in the list is considercd. Notice that no use can be made of an
<occlist> if there is no TERM present. The machine will ignore such a list in this case. The
dependencies of the conclusion are just those of 4.

<ocelisty 1= OCC <ordernatnumlisty
The <ordernatommlisty is a list of natural numbers in increasing order,

In the example existential introduction is done on line 1 of the prool. This is the most
interesting line of this example. You will note that the dependencies of [his tine are not as
described above because of the previous existential elimination, This is explained lielow,

¢4 ¢t+DECLARE PREOCONST F 13 TAUT Flxdv-Fix)y
L1

e

27 Flodv-f (x)

areen d1 27,vey DCC 2y

28 Jy, (F{x)v-Fiyh)

veeus Y1 28, g

29 ¥x, dy. (F txdv-F ly)}

Elimination rule

JE(ES) 8, PBEPJIALTI <indvars | <indpar> 1,0PT(.)] :

The implementation of this vule is the most radically different from the formal statement yiven
above. This rule corresponds in informal reasoning to the following kind of argument. Suppose
we have shown that something exists with some particular propesty, e 3y Play) Then we say
"call this thing b This is like saying ASSUME P(ab). Then we can reason about h. A< soon as
we have a sentence, however, that no longer mentions b, it is a theorem which daes not depend on
what we called "y" but only on the dependancies of the existential statemient we stasted with.
Thus we can climinate 1{a,b} from the assumptions of this thearem and replace them with those

of the assumptions of 3y.P(ay)
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The machine implementation thus makes the correct assumption for you, remembers it and
automatically removes it at the first legitimate opportunity. Several eliminations can be done at

once.

In the example an existential elmination was done creating step 6. This line acinally has as its
REASON that it was ASSUMCA. Line 8 thus depends on it. When the existential generalization
was done on {he next line, b no longer appeared and so line 6 was removed from the
dependancies of line 9. A user should try to convince himself that this is equivalent to the rule

stated at the beginning of this manual.



FOL Manual

Section 4.3273 Quantifier rules with SORTs

Page 32

The following table describes the effect of the quantifier rules in the presence of SORT and
MOREGENERAL declarations, such that p is of SORT P, q is of SORT Q and r is of SORT R, and R is

MOREGENERAL than Q and Q Is MOREGENERAL than P

¥E Yq.R{y)

- Aty
Y] Riq)

¥p-A(p)

3t 3g9.Riy)

“arror

3t Aiq)

P (@)53p.A (p)

Ir.Alr)

As an example, it is possible that you might try to instantiate a variable to a term whose SORT is
MOREGENERAL than the quantified variable. In this case the result of the specialization is to
create an implication asserting that if the term were of the proper SORT then the specialization
holds. 1f the variable is MOREGENERAL than the terin then the usual WFF is returned,



FOL Manual Page 33

- Section 4.32 TAUT and TAUTEQ

TAUTOLOGY ruie

TAUT <nfif> , <vilist>

This rule decides if the WFFs follows as a tautological consequence of the WFFs mentioned in the
VLLIST (the notion of VLLIST is defined in Appendix 2). In this case WFF Is concluded and its
dependencies are the union of the dependencies of each WFF in the VLLIST. We think this
algorithm is fairly efficient and thus should be used whenever possible.

TAUTEQ rule

TAUTEQ implements a decision procedure for the theory of equality and n-ary predicates, n>0,
Fts syntax is the same as the TAUT rule:

TAUTEQ <uff> , <vilist> 3

This rule decides if WFF Follows from the WFFs mentioned in VLUST in the abave-mentioned
theory. Thus, anytlhing that can be proven by TAUT can also be proven by TAUTEQ, but
TAUTEQ runs niore slowly than the TAUT rule.

s oesDECLARE PREQCONST P 1 @ Iy
e¢¢4+DECLARE DPLONST § 1y
£44++DECLARE INDVAR A 1y

24440 TRUTEQ asbaiPla)eP b))y

I aspa{P{a)ePih)}

2360 TAUT asbotPlalaPib) iy
TOUGH LUCK

¢1ere TAUTED a=bol{a) st (b)y

= T0UGH LUCK

The formula a=hia(P(a} I"(b)) cannot be proven propositionally: TAUT would simply rename (a=b)
to a new PREDPAR with ARITY 0, say Pl, P(a) to P2, and P(b) to P3, and then {ry to prove
Pio(P2:P3). The formula {asb)=f(a)=f(b) cannot be proven by TAUTEQ since TAUTEQ does not
know about the arguments of functions.
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Section 4.34 The UNIFY Command

UNIFY <uff> w

This command tries (o establish whether the WFF is a consequence he VL are

This rule of inference is best described by first presenting some examples:

404 4ASSUNE VX PIXYy
1 ¥X.POO)
cretoURIFY PUICO)Y L
2 P
et UNERY 3X.POO) L

3PN

In step 2, the UNIFY mcchanisim recognised that P, applied to any TERM followed from YX.P({X).
More aggressively, on line 3, it recognised the that YX.P(X) implies that 3X.P(X). These are two
simple cases of the use of this command, A more complicated example is:

see2dASSUNE XYY P OODVA2 O, Y)Y
IO yy POz e,y ()
eas3UNIFY TP ODVIHLYZ.Q2(M,2) |

¢ JPUDVIRLYZL020, Y (L)

Notice that, tn both of ihe examples above, the propositional structure of WFF was the same as
that of the VL. This rule is designed to handle exactly this case; namely, it is designed to handle
the quantifier manipwlations involved in implications between WFFs with similar propesitional

forms.
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Section 4.35 SUBSTITUTION rule
SUBST 1 IN #2 OPT[ OCE <ordermnatnumlist> ]

If the major connective in 41 is = or = then (making allowances for hound variable changes) the
occurences of the left hand side of #| which appear in #2 will be replaced by the right hand side
of #l. If an occurrence list appears only those listed wili get substituted.

SUBSTR #1 IN #2  OPTL OCC  <ordernatnumlist> }

does the sante as SUBST but substitutes the left hand side of 4] for the right hand side of #] in
u,

Ordinarily, f(x} cannat he substituteld for y in Vx.F(x.)') as the X in f{x) wanld then become
bound, i.e. f(x} is not frce for y in Vx.F(x.y). FOL automatically handles this conflict of bound
variables in a substituntion: those occurences of a bound variabie which will cause a conflict are
changed. Thus, if one tries te substitufe f(x) for Vx.F(x.y) the generated substitution instance
will be VXLF(x1{f(x)). Here the newly created variable will have the same SORT as x if SORTs are

being uscd,

The ‘new’ variable is created by considering the ‘old’ variable to have two parts: a prefix which is
the identifier up to and including its last alphanumeric character, and an index, cither empty or
a positive integer. The new variable which is generated will have the same prefix, and an
incremented index. For this purpose, an empty index is cousidered to be '0',
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Section 4.4  Semantic Attachnent and Sim plification

FOL is concerned with checking theorems in a first-order language, which the user ¢pecifies by
making declarations. This language is then a structuse L=< F.Cy, where P is a sel of predicate
symbols, T a set of function symbols, and C a set of constant symbols. A mode! of L is a
structure M=<D,VF.C with D a non-empty set, P* a set of n-ary predicales an D, F' a set of
functions mapping D" into D, and ¢ a subset of D. An inter pretation of 1 in M is a map which
specifies which symhols in P correspond to which predicates in M, simitarly for F and C. The
implementation of semantic attachment has two aspeels:

{a) the attachment wechanism which atlows the user to specify the nhjects in the madel which
correspond o symbals in the language and wvice versa, and

(b) the simplifier which tries tn eompute, in the model, the values of FOL expressions, ie. it uses

the notion of satisfiability.

For example, we might associale with function symbnals the corresponding LISP functions, The
OPCONST '+' wiglit be seinantically attached to the LISP function, PLUS, and the THOCONSTs ‘I
and ‘2 (i.e. the numerals) attached fo the numbers 1 and 2, so that an evaluation of ‘12" in the
model would give the number 3 as an answer - the simplifier would then refurn the INDULONST '3,

Note carefully that the map from L info M and that from M back to Lmay he parrinl, ie. there
may be symbols in L which have no defined interpretation in M. and the process of
simplification with respect to Manay generate objects in M which have no canonical symbol in
L. The FOL simplifier simplifics sentences to the maximal possibic extent, using the results of
computation within the maodel, as weil as any relevant information about the EXTENGION and

SORT structures which the user has defined on L.

FOL allows the assigmment of arbitrary LISP functions or fambda-expressions as the
interpretations of predicate and function symbols.
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Section 441 The ATTACH command

ATTACH OPT{z} ALT( <predconst> | <opconst> | <indconst> ] <s_expr>

<s_expr> 1w ALTI <atom> | { <s_exprlist> OPTl<dotend>] ) 1;
<g_exprlist> 1= REPL[ <s_expr> ]

<dotend> ta , <sEXPr>

<atom> 1= ALTL <identifier> | <natnum> )

This command allows for the definition of the maps from the FOL language that the user has
defined into the LISP environment which he wishes to take as the model of his language (and
vice versa if the ATTACH = option taken).

PREDCONSTs and {PCONSTs may be attached either to atoms which are the names of already-
defined LISP Functions (i.e. ones which have a SUBR, EXPR or MACRO property, including of
course all the standard 1LISP functions) or legal LISP function, lambda-expression or macro
definitions. The attachment mechanisin checks that the functions (except SUBRs) being
attached have the correct number of arguments corresponding to the ARITY of the PREDCONST or
OPCONST to which the attachment is being made. INDCONSTs may be attached to any S.

expression,

wyeanDECLARE INDCONST ZERD, OHE ¢ INTEGER

2440 3DECLARE OPCOMST + (IMTEGER, INTEGER) = INTEGER [INF);
+5&5+ATTACH ZERD O

ZERD attached to &

esaesRTTACH ONE I

ONE attachad to |

+200tDECLRRE OPCONST CRR CORLISTILISTy

peevoDECLARE OPCOMST CONS (SEXPR,SEXPRY=SEXPRy
wsre¢ATTACH CAR CARy

#2353 :ATTACH CONS CONSy

vveasDECLARE THOVAR A B L ¢ SEXPR;
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Section 4.42 The SIMPLIFY command

SIMPLIFY [ALT «uff> I <vi> 1 <term> } 4

This command cffects the simplification of an FOL sentence by computing within its madel,
j.e. the simplification nechanism attempts to find, in the model, ob jects {LISP S-expressions)
which correspond to syntactic symbols in the sentence. If any are found, they are EVALuated in
the norinal way. The simplifier then aticmpts to find a term in the fanguage which eorcesponds
to this evaluated entity. lIn the case of VLs and TERNs. the original expression is returned,
together with its maximally simplified form! #f a term exists in the langnage for the
simplification, then that forms (he right hand of {he equality. (The simplifier is aware that
NATNUMs and 11SP numbers correspond to each other). In the case of L, additionally, if the
result of simplification is a trath-value, the WFF or its negation is returned, whichever is
appropriate. 'The simplification is carried out to the maximal extent.

If a LISP error is encountered during simplification, an error message is given.

In the model defined by the attachments made above, the following nccurs:

e1eesSTHPLIFY TERD + ORE)
cERQ4+ONE= 1
¢2¢4+5HPLIFY CAR " 4R By

CNR(* (A B)}=+A

In addition, the simplification mechanism takes inte account any information that is available
about the SORT and EXTENSION declasatians that have been made. For example, remembering the

example on extensions given in section 4.124:

+120:DECLARE PREDCONST KINGS 1

t1eu EXTENSION [ INGS 1BKI;
Evtansion of B INGS Is (BK)
1iertEXTONSION HLINGS {HET,
Extansion of HEIHGS is {HK)
+29¢EXTENSTON 1 INGS WEINGS U BEINGS,
Extanston ol KINGS ls (HK BK}
renxSTHPLIFY HE=BE

~ (HY =BK)
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Section 443  Auxilinry FUNCTION definition

FUNCTION <function-s_oxpr> i

This allows the definition of <function-s expr> as an anxiliary LISP function. If the function
definition is a legal < expr> which is not a legal LISP function definition of the DE or

DEFPROP sort, an error message will be given.
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Section 4.5  Administiative Commands

These commands manipulate the proof checker but do not directly alter the current deduciion.

Section 4.51 The LABEL rommand
LABEL ALTL <icent~ | <ident> = <linenum>}

In the first case the next line the proof cheeker generates will get the label IDCHT. In the seennd
the UNENUM nieationed will become labeled by IDENT. Labels are alternatives (o Vis and can be
used in any piace that the syntax expects them.

Section 4.52  File Handling commands

Section 4521 The FETCH command
FETCH <filenamer~ OPT{ FROM <rarkls> } OPTE TO <mark2> ]

The FETCH command reads the file <filenamed, and executes any FOL commands in this file.
FOL accepts standard Stanford file designators. If mark specifications are present, the file is
only read within the limits which they specify. The default FROM/TO are the beginning and
the cad. respectively, of the File. The commands read during a fetch are nol printed in the

backup file. FETCHes may be nested to a depth of 10,

Section 4522 The MARK command

MARK <token>

This command has no effect on the proof, but simpiy places a mark in the file which the
FETCH commans can use ta delimit reading of the file,

Section 4.523 The BACKUP command

BACKUP <file namex ;

When FOL is initiatized, a file called BACKUP.TMP is automatically created. Al consele input
from the user is saved on this file. This command closes the current backup file, and opens a
new one with the specified file name.
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Section 4.524 The CLOSE command

CLOSE

This closes and reopens the backup file. Norinally the backup file is written every five steps in
the proof, but this command enables the user to save the state of his deduction at any point.

Section 4525 The COMMENT command

COMMENT <delimiter> <text> <delimiter>

When typed at the top-level, this inserts any text between the delimters into the backup file; if it
appears in a FETCHed file, the {ext is ignored. Of course, the delimiter must not appear in the

text.

Section 4.53 The CANCEL command

CANCEL OPT[ <linenum> ];

This cancels all steps of a deduction with LINENUMs greater than or equal to LINENUM. Thus you
can remove tinwanted steps from a deduction provided they are all at the end of the PROOF. If no

LINENUM is specified, only the last line is cancelled.

. Section 4.54 The SHOW command

The SHOW command is used to display information generated by FOL. The intent of the
present command is 1o aflow you to display inforimation about a derivation at the consele and
save it on a file. The integer after the FILENAME becomes the linelength while this command is

active,

SHOW <showtype> OPTI <fitename> OPT{ <integer> 1)
<ghomiypa> 1w» ALTL PROOF OPT[ <rangelisi> ] |
5TEPS 0PT{ <rangalisi> ) |
10N OPT{ <axnamlist> ) |
DECLARATIONS OPT{ <dacinfo> ] |
GENERALITY  OPT[ <ganinfo> ) |
LABELS OPT! <iabalinfo> 1 ]

<rangalist> 1w ROPlI<rangespac>,0PTI,}}
<rangsspac> 1= ALTL OPT{ <ilnenum> 1 ¢ OPTL <linanums 1 | <linenum» )
cdacinio> 1a REPLL ALTE <syntype> OPTL ¢ <sorts] |

<folsym>

S0RTS 1, OPTL,0)
<geninfo> 1s REPL( <sort>, OPT(,] }
<labalinto> 1a REPLL ALT[ <tabai> | <rangaspac> 1 , OPT(,] )
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RANGESPEC may be of the form 23 or 23:65 or :65 or 34t or even & lts wmeaning is either a single
LINENUM or a range of [INENUMs. If a number stands alone it simply neans this number. 1If
there are 1wo numbers separated by a colon, the range is from the first 1o the second. If
numbers do not appear on either side of the colon thea the default of 0 o the dast line is
assumed. An FOLSYM is any declared identifier and show returns its SN ddentificr and chew

returns appropriate syntactic information,

Examples are:

a4 s¢ SHOM PROOF 1, 21%,16: FOOLBAZIGET,RUM 22;

this writes lines |, 2 to 5, 16 to the last line of the proof onto the file FOO.BAZ{SET,.RWW] with
a linelength of 22,

#+6¢9¢SHOW PROOF,
displays the proof on the console.

The next example, taken from an actual test file, shows the kind of syntactic informtation
displayed by a "show declarations” command,

avy:+5HOH DECLARATIONS ENPTY x # £ carry [ren! binaryplus;
EBPTY s JNDCONST of sort BYTES
x it JHOVRR of sort IHTEGER

+ is OPCONST
The domain is THTEGER o INTEGER, and ths rangs is INTEGIR(1.GHE B RAR)

< is PRECCONST
The domain is I[HTEGER s JNTEGERIL.3%0 R+300)

carry is OPCONST
Tha domaln is DYTFS e BYFES, and the rangs Is BYTES

fronl is DPCONST
The domain Is BYTES, and the range is BYTES[R.N50])

No dectaration for binaryplus

+ a0 +SHOH DECLARATION SORTS,

shows all the PREDCONS TS of ARITY | (i.e. all of theSORTs)

SHOW commands do the abvious thing in conjunction with the display features turned on by
DISPLAY.
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Section 4.55 The DISPLAY command

DISPLAY OPT( <displtaytype> } 1

<displayiype> r= ALT{ PROOF
STEPS
Axyon
ATTACHHENTS
DECLARATIONS
LABELS
5TATUS i

FOL may take advantage of the display features of the Stanford DataDisc system by means of
this command.

For example:

+e¢94DISPLAY

creates a display window of fuil-screen width, into which the steps of the proof are displayed as
the derivation continues. The page-printer is restricted to the bottom eight lines of the screen. If
the argument is non-nuil then the ‘proof’ window is restricted to half-screen width, and a secohd

window, appropriately labelled, occupies the other half of the screen e.g.

eeexeD[SPLAY AXIOMS |

causes an ‘axiom' window to be opencd, and all axioms are printed to that window, rather than
to the ‘proof’ window or the page-printer.

Whatever the current state of the display, ‘DISPLAY )y’ causes the ‘proof' window to be
regenerated, tagether with the last five lines of the proof, if any. Any other windows which may

be present are flushed. This method is slow and cannot be used from teletypes, but provides a
much more convenient way of displaying the steps of the proofs and other information.

axe o UNBISPLAY

restores the screen to normal teletype mode.

Section 4.56 The EXIT command

EXIT 3

This cominand returns the user to the monitor in a state appropriate for saving his core-image.
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Section 4.58 The SPQOL Command
SPOOL <filename> : XSPOOL <filenames

These cause the <lilename> 1o be spooled on the appropriate deviee {LPT o XGIL

Section 4.58 The TTY Command

TIY ¢

This resets the printing routines so that they are teletype rather than display eriented. Tn this
mode, the logical connectives are represented by NOT, OR, & or AND, = or IMP, & or FOQUIHV,

FORALL, EXISTS.
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Appendix |

FORMAL DESCRIPTION OF FOL

The non-descriptive symbols of FOL divide into SYNTYPEs as follows:

1. Individual variables - INOVAR. There are denumerably inany mdlvldual variable symbols. We
use x,y,z as meta-variables for them;

2. Individual paramneters - INDPAR, There are denumerably many individual parameter symhois.
As meta-variables we use a,b,c;

8. n-place predicate parameters - PREDPAR.  For each n there are denumerably many predicate
parameter symbols, An n-place PREDPAR i5 said to have ARITY n}

4. Logical constants:

a) Sentential constants - SENTCONST: FALSE and TRUE,
b) Sentential connectives - SENTCONN: =,nv,2 3,
c) Quantifiers - QUANT: ¥ and 3

B. Auxillary signs - AUXSYM: parenthesis ()

A particular FOL language is distinguished from a pure flrst order language by declaring
certain constant symbols. These have the SYNTYPEs:

1. Individual constants - INDCONST;
2. n-place predicate constants - PREDCONST, Each n-place PREDCONST has ARITY ny

3. n-place operation symbols - OPCONST. Like PREDPARs each has an ARITY. Some authors cali
OPCONSTs function symbols:

Each SYNTYPE is assuined to be disjoint from all others.

TERMs

" tisa TERM in FOL if either
1. £ is an INDPAR, INDVAR, or an INE}CONST or
2. s {1 to.tp) where £ is an OPCONST of ARITY n and ¢ is a TERM.
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3

FFEs

A i5 an atomic weli-formed formula or AWFF If
I. A is one of the symbols “FALSE" or "TRUE",
2. A is P{t...t5) where P is a PREDPAR or a PREDCONST of ARITY n.

The notion of well-formed formula or WFF is defined inductively by:
L. An AWFF is a WFF,
9. If A and B are WFFs, then so are (AAB), (AvB), (A=B), (A=B), and ~(A).
- 3, 1f A is a WFF, then so are Vx.A and 3x.A provided that x is an INDVAR.
The usual deflnitions of free and bound variables apply and can be found in any standard logic
text (e.g. Mathematical Logic by S.C. Kleene). Below the usual conventions for omitting

parentheses will be used.

SUBFORMULAS

The notion of SUBFORMULA is defined inductively
1. A is 2 SUBFORMULA of A.
2. 1f BAG, BvC, BoC, Bz, or -B is a SUBFORMULA of A so are B and C.

9, If ¥x%.B or 3x.B Is a SUBFORMULA OF A, so is B[tex].

The notations A[tex) and A[teu), where A represents a WFF, t, u TERMs and x an INDVAR are
used to denote the result of substituting x or u, respectively, for all eccurrences of t in A (If
any). In contexts where a notation like A[tex] is used, it is always assumed that t does not eccur
in A within the scope of a quantificr that is immediately followed by x. The natation A[x«t],
denotes the result of substituting t for all free occurrences of x.

The notation Alarx,xet] means the result of first substituting x for a and then t for x, To
denote simultancous substitution we use Afas=xixet],
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Appendix 2

THE §YNTAX OF THE MACHINE IMPLEMENTATION OF FOL

In this manual the syntax of FOIL will bo described using a modified form of the MLISP2 notion of
pattern. These form the basic constructa of  the FOL parser.

1. Identifiers which appear in patterns are to ba taken literally,
2, Patierna for ayntaciie typea ara surroundod by engla brackota,

3. Patterns for repetitions are designated hy!
REPO/ <pattorn>} means 0 or more repeated PATTIERN,

REPnf<patiern>] means it or mora repented PATTERNs,
I1f a REPO or o REPn has two arguments thon the second argunment is a paitern that aels oz @
separator. So thal REPI/<wff>,] means one or more WFFs separated hy commas.
4. Mternatives appear as ALT<PATTERNI|L<PATTERNn> ],
ALTI<wfr>|<term>] means cither a WFF or o TERM,
5. Optional things appear aa OPT{<pattern>}
REP2[<wff>0PT{,]] means a sequence of two or more WFFs optionally separated by

commas,
Theze conventions are eombined with the stendard Backea Normal Form notation,

Basic FOL symbols

In an attempt to make life easier for users, the FOL parser makes more careful distinctions
about the kinds of symbols that it sees than the previous description indicated.

<Indsym> ta RALT{ «<lndvar> | <«indpar> | <indgonst> |}
< fpdvar> 12 cidantifiars jdeclared [NDVAR
< tndpar> ta  c<identifior> jdeciared INDPRR
<indeconst> 18 ALTL <identifier> | : jdaciared INOCONST

: <integars ) jne daclaration necessary
<gpsym> ta ALTL{ <oppar» | «<opeconst> )
coppar> ts  «<identifier> ydaciared OPPAR
copeonsi> ta  <ldentillers jdecfarad QPTONST
<praop> ta  <opsym> (ARITY | and declared PREFI1X
<infop> tz  <OpEYm> (ARITY 2 and declared INFIX
<applop> 1e  <opsym> . (ARITY m and not declared

+ INF or PRE dae

<pradsym> ta BLTL «<predpar> | <predeonsi> )

cpredpar>  ta  <idanlifisrs jdeciared PREDPAR
<praodeonsis 1a <ldantifiars jdeciared PREOCONSY
<praprad> 13 <pradsym> JARITY | and doclared PREFIX
<lnlprad> 12 «<pradsym> yARITY 2 and dactarsd INFIX
<agplpreds 1= cpradsyns JRRITY n and not declared

i INF or PRE dec

<gsorisym> 1w RLTL <santpar> }  <saniconst> )
<ganipar> tz «cldenlifiar> jdaclared SENTPAR
<santconst> t= ALT{ FALSE {

TRUE |
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<kdantifier> ] ydactared SENTCONST
i INF or PRE dae

jnagation

jdisjunclion
AND | jeonjunction
THe | jimpliication
EQuiv ) jaqulvaisnce

<gsaniconn> = ALT(

LI B R A |
E A OO
o -

<praiog: 1 ALTE -~ | HOT )
<infiogs je ALTL v |OR j A & | AND 2|+ | WP | afw| EQIV]

<yquants Je RALTL ¥ | FORALL | 3 | EXISTS }
TERMs

The FOL syntax for TERMs allows for both prefix operators and hinary infix operators, as well
as the usual function application notation, Any undeclased identifier can be declared an
operation constant (OPCONST) using the DECLARE command. With proper declaration the

following are TERMs:

{ {x4-y, g {xay+2))

CAR

carix,y)

IROR0T, BOX ], D00RIU y|¥x P lg lx,y)) |
pouerset (A, 0,C>)

<tarm> ta ALTL «<indsym»
capp ! term>
eprollxtermns
<infixtarn>

- . e s s S

«<satlarm»

<n_tuplatorm>

«<complorm>

{ <tlarm> )
<appilarme 1e  <appiop> { <lermlist> )
<prolixiarm 1a  <pracp> <tarm»
<infixtarms 1s  ctarm> <infop>» «<larma»
<spliterms te | <larmlist> |}
cniuplaierms e < <tarmlist> >
<comp term» ta | cindvar> | witi> |
<tarmtisi> 1o REPI! <term» , OPT(,) )}

These are illustrated above and inay be used at any time. Other additions may oceur from time
to time,

Of course, the appropriate restrictions on the SORTs of the arguments of the OPSYMs must be
met,

AWEFs

AWFFs are forined similarly, but cannot be nested.
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<auff> 1e ALTE <basauif> |
<applawti> |
cprean! 1> |
cdnfanil> )

<baseawif> 1a ALTL «<sontsyms |
<pradpar> )
capplauli> 1a <applpred> { <tarmlists )
cpraavils 12 <prepred> <ierm>
<infaulf> 18 clarm>  <infprad> <tlarm>

Examples of AWFFs are

18,8, 01 ¢ 1X]32.He 2a2¢ X}
<a,b> = la, la,bli
1{x,yre ‘earfcons lx,y))

yuith ARITY 0

Page 49

Equality s treated as any other predicate constant, but the system knows about the
substitution of equals for equals. It does not know that A/B is usually interpreted as ~(A=B), but

treats it as any other predicate symbol,

WEFs

it 1o 1ALT «standard first ordsr logic formulax
<vl> 1 {0PT <subpartst {OPT <subzt_opor>} !

The syntax for WFFs allows the following abbreviations and options.

The primitive logical symbols are

<ull> ta ALT{ <primulfs | <pronils | <infulfs )

<primati>  1n ALTL canlfs | cguantuft> | ( <uft> )}

<prosui > 1= <prelog> <primd{fs>

<knfulf> 1ts <primudf> <intiog> <priruit>

cquantufl> 1s  <guantprefixs  <smalintt>

cquantpratixs s ALTI <quani> REPLD <indvar> ) . |
{ <quant> REPI{ <indvar>) ) 1]

<smal luff> 1w REPOL «<prelog> ) <primufis

Parentheser may he omitted and then association is to the right, /1s is vawal conjunction hinds the
strongast, followed hy disjunction, impliention and equivalence. Negation, as well as hath quantifiers,

bhind 1o the shortest WFF on their rigit, Thus
Y {P(x)pP(xid

Ye.P(x )2 Plx) will purse as (¥Yx.P(x))2P(x) not as

We can write adjacent quantifiers of the samne type together, so Vx.Vy.P(x,y) can be written ¥x

y.P(x,y). FOL also accepts (Yx)(¥y)P(x,y) or (¥x y)P(x.,y} for VX.¥y.P(x.y).

Subparts of WFFs and TERMs

Within a deduction there is a complelely general way of specifying any subpart of any TERM or
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WFF already mentioned. We accomplish this by means of a SUBPART designator. Derivations
consist of WFFs, each of which has a LINENUM. The WFF which appears on this line is designated

by following it with a colon. If

19, ¥x oy, (PUxI) o0 hix,y) })

is line 10 of some derivation then 10: represents the WFF on that line, i.e. Vx y.(P(F(x))=Qfh(x.y}).
Furthermore, subparts of such a WFF can be designated by a SUBPART designator.

csubpart> 1= REPIL & <intager> ]

The integer denotes which brapch of the subpart tree you wish to go down. Quantified formulas
and negations have only one immediate subpart, called #1, The other sentential connectives each
have two, For predicaies and function symbols the number of hLmwmediate subparts is
determined by their ARITYs, Any conflict with these will produce an error. Thus

10: 41 w o Yy, (PO YTkl yh))
ior42 = ERROR
10171449281 = hix,y)
1841714142 = ERRGR (P has RRITY I}

Substitutlons in WFFs and TERM;s

Quce you have named a WFF, you can use a substitution operator to perform an arbitrary
substitution, ‘

<subst _opar> 13 § REPI(<subsibistis OPTL (1] )
<aubsttislls> ra ALTL <tarms = <tarms | <uff> » <atif> }

Examples:

10041 [x+ROROT) = Wy, {PUH(RDBOT) ) oG Gh (ROBOT, W )}

131211 Ex )+ ROBOT1G (h it gyl )P (x)) & PROBOTISP(x)

10r 443 FLFLLI I8 ALA1524141) ROROT) = ROBOT

10 M I f L] » Wyl P OHL O Y Y 3G thET (yd ,yld)d,
Mota: the aubstitution operator changed the hound nariable in the last exampla, This prevented the y in
J(y) from hocoming bound. See section en substitution,

WFFs and TERMs thus have the following alternative syntax:

atdi> 1w evi> 1 0PTE csubparts OPTL <subst_apars )

ctari> ts <vi> + OPY[ <subpart> OPT( <subat_opar> 1)

There is an ambiguity as SUBPART may produce only a WFF where a TERM is necessary (or the
other way around). FOL checks for this and will not ailow a wistake. Such a subpart
designator can be used whenever the syntax calis for a WFF or TERM,
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Another label for handling well-formed expressions is the VL |

<vl> 1a ALT{ <integer> | <label> OPTIALTI +]-} <integar>) |
<axral> | REPLE-) )

The optional + or - <integer> after a label designates an offset from the mentioned label by the
amount designated,

The last alternative has not been previously mentioned. Its meaning is the n-th previous line,
where n is the number of "-" signs.
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Appendix 3

AXIOMS FOR ZERMELO FRAENKEL SET THEORY

The axions presented here and in appendix 4 are examples of the expression in FOL of the
conventional Zermelo-Fraenkel and Goedel-Bernays-von Neumann set theories. We believe that
the practical use of set theory for mathematical and coinputer science proofs will require an

extended practical system.

DECLARE PREDCONST ¢ Z2(INF},
DECLRRE PREDCONST < 2[1INF}}
DECLARE OPCONST U Z1INF);
DECLARE INDVAR r 8 t u v i % y 7y
DECLARE PREOPAR A 2 B I

AXION ZF1

EXTy ¥x y, {¥z. lzexzzeylaxay)y

ENTy I Yy ~yon

PRIR:  ¥x y,Jz.Vu, (Mo zsuexvie=y)y

UNTON: W, dy.¥z. fzcyzdt (zctatoxd )y

INF: Ix. Ao xaVy. tyoxa gyt hexd);

REPL: ¥x. 3y.Vz. {Alx,z)sy=2) >
Yu,Iv, {¥r. (rev 8 3s. (scuafils, r)) )y

sEPt ¥x.Jy. ¥z, lzcyszenabizd)

POHER: ¥x.3Jy.VYz. (zeyzzex)

REG: ¥x. Jy. (x=Bviycxalfz, (zeea=zeyd V) gy

% Extenslonalliy
4 Hull seil

% Unorderad pair
% Sum sot

L Infintiy

% Replacament

I Saparalion
% Poner sel
7 Regularitly

7 Replacement |s aquivalen! to z
X ¥u. 3y Rix,yda¥y z. (RO y) AR {x, 2)oysz) ) o Z
z Yu, v, {¥r. (rxv 8 3s, (scusR(s,r)))) 4
¥ or ¥, 3hy Rk, y) 2 Yu.3v. Ve (rev 8 35, (scurfis,r})) %
¥ Separation Is a conssquanca ¢! and weakar than raplacmant, X

% Detinillens 7
DECLARE PREBCONST FUN [, INTO 2,PSUBSET 2(iNF);

DECLARE OPCONST rng | dom 13
AN
SUBSET: ¥x y. (xeyz¥z, (zexnzoyd }y
PROPSUBSET: ¥x y. (PSUBSET (x,y) axcya~xay))
PAIRFUN) ¥x y z.(2¢ Ix,ylazraxvzay)y
UNITSETFUN, Yo O Ixdadx, =l )
OPAIRFUNY ¥x y. O ex,yredixl, lx,ytl )y
FUNCTION1 Y, (FUNGRYEYZ. (Zaundx g, (Zaex,yz))a
¥x y z, lax, yscuac, 2x(u3ysz) )
BOHRIH, Yu % {zedem () sFUN NI ATy 2. (yomayaex,23) )y
RANGE: Y s, Ecorng ) 2FUN (Y AJY 2. (yewayacz, xad }y
INTO: Yu =, CIHEO G ) erng {adex) g

UK10Ht Ve oy zolzexthgzexvzogdy
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Appendix 4

AX10OMS FOR GOEDEL-BERNAYS.VON NEUMANN SET THEORY

HOSTGENERAL Class;
DECLARE PREDCONST Class Set 1

DECLARE PREDCONST ¢ (Class,Ciass) [INFly

DECLARE PREDCONST c(Sat,Class)(INFIy

DECLARE INOVAR A B € ¢ Class,x y u v i ¢ Saij

DECLARE PREDCOHST £mply OnelanylCiass),DizjoiniiClass,Liass))

AX10H  HGB
KLASS: ¥x.Ciass )y
158ET V& 8. (AcBaSat (RY)y
EQUAL1 YA 8 €, {(CcReleB)aRaB)y
ENPTY: Ix Yy ~yony
PRIRS: ¥y . Ju. v, lvcuavesvvay) g
CLASS
EPIt 0. Yu v, feu, vacRzuov)y
INT: YA B, 3C. Yu, (ueCaucAaucBl)
Cane YR, IR, Yu. (ucBa-uchd;
PROJ WRLAN, Ve, (ueBadv. cuyvacR) g
PROD: YA IN, Yo v, Ceu, vaeBaucR)g
CONV: YA, 30.Yu v, leu,vaeBzev, uscfly
TRIL: YA, 3B Yu v w. {cu, v, usc By, munc)y
TRI21 YR.IB. Yu v u, leu, v, uxcBacu,m,vaefd g
5ET
IHF1 Ju., (~Emp ty () Ay, (vewadu, luqua~vesaven) 1)y
UNIONT Y, 3v.¥u x. (egxaxquomd vl
POHER:T Y. Jv. Y. (eeusucv) g
REPL Yu . (Onslany (A 53v. Y. (wgvadx, (ovacu, x>¢R1)) 1y
FuD: YA, C-Emp ty (4530, (acRaDis Joint tu, A1)

AC: 30, (Bnalany (AYAYu, (~Emply (W) o3v, Ivquacy, ux(AI 1) )

Page 53
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Appendix 5

INTUITIONISTIC MODAL LOGICS

Maodal Logic:

The best known modalities are the so called ‘alcthic’ ones, involving necessity(N)  and
possibility( M ) but many other sentential operators which display modat characteristics have heen
studied, c.g. C Tor cansality {(Burks,1751), K and B for knowledge and belief (Hinlikka 1962), P for
perception (Hintikka, 1969). These latter modalities are the subject of intensive research in logic

at the moment, and a comprehensive semantics has heen evolved for some of them {(Kripke 1964,
Hintikka,[969). There are still many difficult problems, especially in the case of quantilication
into modal contexts, where the traditional rules of substifutability of equivalents and of
existential gencralization do not seem to hold. This has led to a reformulation of many
ontological notinns in quantification theory(see, for example, (Hintikka,1955) and (Foltesdal 19G8).

{Note that madal operatore are sentential aperators of a rather special kind, nor PREDCONSTa, It is not

possihle to regard modal operators as applying to names of sentences or formulae withowt losing the
powerful semantics(see, for example (Montague, 1363))

In the current impleweniation, the user may define non-standard modal systems and aperators,
Lewis 84 and 85, 1lintikka's KBK and KBB{opcit) are already available, together with the
operators N(nccessarily), M(possibly), K(knows), B{believes).

(a) The Classical Sysiems T, 54 and 55

von Wright's system, T {(von Wright1951) is got from LPC by adding:
A Npop
AG:  N.p=q} = (N.p 2 Nag)

Lewis's system 54 (Lewis&Langford,1932) is got from T by adding:
AT Np=>NNp

Lewis's 85 by adding:
A8 M.p2NMp

{b) Matural Deduction Systems of Modal Logic
(1) These are hased on minimal, classical and intuitionistic Ingics:
(2) A formuia is said to be modal if its principal sign is a modal sentential nperator
(3) Necessity systems:

Prawitz has two inlerence roles for §4:
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-------------

and a corresponding deduction rule for NI, when the proof or deduction of 'a’ depends only on
modal formulas,

In S5 N.a=a may be inferred also when every formula in the dependency set is either a modal
formula or the negation of a wodal formula. begin indent 5,0 (4) Possibility systems:

The possibility operator, M, may be added by means of the rules
Ml a ME) Ma&b

When these rules are added, the deduction rule for NI must be modified to be stmilar fo the rule
ME.

In the classical Lewis systems, M and N may be interdefined, eg. M.a=-N-.a and MN.a @ -M-.a, but
In the Prawitz system this is not possible.

The syntax for modal formulae is identical to that of standard formulae, except that WFFs may
be preceded by 1 or more modal operators{and Imbedded -), followed by 2 '". 80 a period

«modalutl> ta <modalprelix> <prirulf>
© emodalprafix> 1 <ldeniiflers ',

For example, NMN-MMNNMNMNM.A  and ¥x.M.P(x)>MM.p(x) are well-formned.

When scanning for nodal formulae is turned on using the “THEORY' command (see Section
4.13), the following rules then become available:

NECI <ine numbery, NECE dine-nwnber>
POSST dine-number>, POSSE dine-nuinber>

as defined by the conditions above.(Note carefully the dependency restrictions)
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